Viscous flows in a quasi-two-dimensional Hele-Shaw geometry can lead to an interfacial instability when one fluid, of viscosity η in displaces another of higher viscosity, η out . Recent studies have shown that there is a delay in the onset of fingering in miscible fluids as the viscosity ratio, η in /η out , increases and approaches unity; the interface can remain stable even though the displacing liquid is less viscous. This paper shows that a delayed onset and stable pattern can occur in immiscible fluids as well. However, there are two significant differences between the two cases. First, in miscible fluids, stable patterns are obtained whenever η in /η out > 0.33 while in immiscible fluids, the radius at which the onset of fingering starts, R onset , increases steadily until η in /η out = 1. A stable pattern is obtained only when the total size of the plate used is smaller than R onset . Second, once the delayed fingering starts in immiscible fluids, the fingers grow faster than the central circular region. In miscible fluids, there is a regime in which the fingers and the central region grow in proportion to each other. These differences between miscible and immiscible fingering are maintained even when we compare immiscible fluids that have very low interfacial tension with miscible fluids that have negligible diffusion.
Introduction and background
When a fluid of viscosity η in displaces a second fluid of viscosity η out confined within a thin gap, the interface between the two fluids can become unstable forming finger-like protrusions. Such a finger will grow and can repeatedly split leading to the formation of complex viscous-fingering patterns (Paterson (1981) ). This instability is often studied in the quasi two-dimensional geometry of a Hele-Shaw cell which consists of two thick glass plates with a small spacing between them (Chen (1987) ; Nittman et al. (1985) ; Daccord et al. (1986) ; Bensimon et al. (1986) ; Homsy (1987) ; Paterson (1981) ; Tabeling et al. (1987a) ; McCloud and Maher (1995) ; Miranda and Widom (1998) ; Goyal and Meiburg (2006) ; Moore et al. (2002) ). Understanding the viscous-fingering instability has applications in industrial processes such as in petroleum extraction, carbon sequestration or sugar refining (Hill et al. (1952) ; Orr and Taber (1984) ; White and Ward (2012) ; Wang et al. (2004) ; Cinar et al. (2007) ; Araktingi et al. (1993) ; Weitz et al. (1987) ) as similar fingering patterns are also observed in porous medium flows.
The seminal work bySaffman and Taylor (1958) , showed that the interface between the two liquids becomes unstable in this quasi-two-dimensional geometry whenever the displacing liquid is less viscous than the displaced liquid. They showed that most unstable wavelength, λ c , that determines the typical finger width, depends on the difference in the fluid viscosities, ∆η ≡ η out − η in , as well as the interfacial tension between the fluids, σ, the interfacial velocity, V , and the plate spacing, b:
In the case of miscible fluids, the role played by diffusion in determining λ c has been analyzed in detail ?de2005viscous, Mishra2008, graf2002density, chen2001miscible, jha2011fluid, tan1988simulation, perkins1965mechanics) However, when the plate spacing, b, becomes comparable to the unstable wavelength, λ c , the typical finger width is independent of V , σ and ∆η and is determined instead only by the plate spacing (Paterson (1985) ):
A large literature has been dedicated to measuring and understanding the control parameters that determine the fingering patterns in different fluid systems (Homsy (1987) ; Tabeling et al. (1987a) ; McCloud and Maher (1995) ; Miranda and Widom (1998) ; Goyal and Meiburg (2006) ; Moore et al. (2002) ; Lindner et al. (2002) ; Cheng et al. (2008); Pihler-Puzović et al. (2012) ; Li et al. (2009) ). Many viscous fingering experiments have been performed in the limit of η in /η out 1 (Chen (1987) ; Saffman and Taylor (1958) ; Paterson (1981) ; Tabeling et al. (1987b); Praud and Swinney (2005); Ferer et al. (2004) ). Recently, another prominent feature was discovered in a radial Hele-Shaw cell when the viscosity ratio, η in /η out , was varied by about three orders of magnitude for both miscible and immiscible fluids (Bischofberger et al. (2014 (Bischofberger et al. ( , 2015 ). In these experiments, the fluids were injected through a hole near the center of the glass plates so that the interface expands radially outward. The pattern has a central circular region, where the outer fluid is completely displaced and fingers appear only beyond the radius of this circle.
While λ c , which depends on ∆η, dictates how wide the fingers are, it is the viscosity ratio, η in /η out , that determines how long the fingers will be with respect to the central stable region; as η in /η out decreases, the finger length increases with respect to the central stable region. Hence, varying η in /η out allows a study of the transition from completely stable circular patterns to fingering patterns. Such a study for miscible fluids with negligible diffusion, where the Peclet number, P e = bV /D > 2000 (where D is the mass diffusion coefficient), showed two peculiar behaviors in the circular geometry (Bischofberger et al. (2014) ): (i) as also found in a linear geometry (Lajeunesse et al. (1997) ), and unlike predictions by Saffman and Taylor, stable patterns can occur even when η in /η out < 1; (ii) for a range of η in /η out , there is a delay in the onset of fingering. That is, fingers are formed at a later time, only after an initial circular region is formed. Even after the fingers form, they do not grow rapidly and show what is known as "proportionate" growth, i.e., fingers grow in proportion to the inner circle and do not split or form branches (Bischofberger et al. (2014 (Bischofberger et al. ( , 2015 ). This kind of growth though common in mammalian growth, is rarely seen in physical systems (Sadhu and Dhar (2012) ; Dhar and Sadhu (2013) ).
The present paper studies the transition from stable to unstable pattern formation in immiscible fluids in a circular Hele-Shaw geometry. It considers two cases, one with high interfacial tension (24 to 29 mN/m) and another with low interfacial tension (1 to 1.2 mN/m) in order to understand the role played by interfacial tension and to examine whether the limit of low interfacial tension in immiscible fluids approaches the behavior of miscible fluids. Similar to the case of miscible fluids when η in /η out < 1, there is a delayed onset of fingering where the radius of the displacing fluid must grow to a certain radius, R onset , before fingers start to form. This onset radius increases as η in /η out → 1. This delay is larger than what is predicted due to the stabilizing effects of circular geometry of the plates (Al-Housseiny et al. (2012) ). Seemingly stable patterns can form when R onset becomes comparable to the size of the plates used. This is in contrast to miscible fluids, where the plate size has no effect on whether the pattern becomes stable or unstable. There is no regime of proportionate growth.
Immiscible fluids have similar finger lengths irrespective of whether the interfacial tension is low or high; these are longer fingers than those found in miscible fluids with negligible diffusion. Hence, one must look for another explanation to understand why miscible fluids have shorter fingers. By looking at the cross-sectional profile of the displacing fluid one can look for three-dimensional (3D) effects in suppressing finger formation. There is a significant difference in the 3D shape of the displacing front between the miscible and immiscible cases. Even the small amount of interfacial tension in immiscible fluids is enough to produce a flat displacing front, whereas miscible fluids have a protruding tongue in between the two plates at the displacment front. This difference could contribute to the slowing down of finger formation in miscible fluids.
Experimental Methods
The experiments are conducted in a radial Hele-Shaw cell, using two sets of 1.9 cm thick, circular, glass plates of radii 14 cm and 25 cm. These plates are maintained at constant gap using spacers of 102 µm to 635 µm thickness. Liquids are injected through a 1.6 mm hole in the center of the plates using a syringe pump (New Era Pump Systems NE1010).
To ensure that the initial interface between the outer and inner fluid is uniform, we drill holes in the center of both the top and bottom plates. After the more viscous fluid has completely filled the gap between the two plates, the less viscous fluid is injected through the hole in the top plate and then allowed to flow out through the hole in the bottom plate. This provides an initial cylindrical column of the fluid that completely spans the gap between the plates. When the hole in the bottom plate is closed, this cylindrical column of fluid expands radially between the plates. (2015)), the experiments reported here have used fluids with high viscosities to minimize any diffusion. These pairs of miscible fluids have a high Peclet number, so that the flows in the experiments are dominated by advection and there is negligible diffusion at the interface.
The interfacial tensions for the immiscible fluids are measured using the pendant drop method (Arashiro and Demarquette (1999) ). Here a drop of one fluid is gravitationally suspended inside a less dense one. The drop is stationary due to the balance between gravitational and interfacial-tension forces. Because we know the gravitational force acting on the fluid, we can analytically solve for the shape of the drop to obtain the interfacial tension. The values obtained using this method agree with literature values (Than et al. (1988) ). Fluid viscosities are measured using calibrated viscometers (Cannon-Ubbelohde). The fingering patterns are recorded using a Prosilica GX camera at 2 to 15 frames/s.
To characterize the overall structure of the patterns, three length-scales are measured, as shown in Fig. 1 taken from Bischofberger et al. (2015) . The inner radius, R i , is defined as the largest circle completely inscribed in the inner fluid. The outer radius, R o , is the smallest circle completely enclosing the inner fluid.
To measure R i and R o , the images are binarized so that there is a black pixel wherever there is inner fluid and a white pixel wherever there is outer fluid. (This ignores any variation in the intensity of the dye within the inner fluid, that is caused by the inner fluid not completely displacing the outer fluid across the gap). A very small circle is initially placed inside the inner fluid and expanded it until it touches the interface. The center of the circle is then moved away from the interface in the direction given by a radial line joining the center of the circle to the point of intersection. When this is done, the circle no longer intersects the interface. This process of iteratively expanding the circle and moving the center away from the intersection is
Figure 1: Definition of length-scales to characterize the structure of the viscous fingering patterns. R i is the largest circle that can be inscribed completely inside the inner fluid. R o is the smallest circle enclosing the entire pattern. R f ≡ R o − R i . Image taken from Ref. Bischofberger et al. (2015) continued until the circle intersects the interface at multiple points inside the pattern so that it can no longer move. The radius of this inner circle is R i . Similarly, to obtain R o , the largest circle that can be placed in the image is continually decreased until it intersects the interface of the pattern. The circle is then iteratively moved away from the interface until it no longer touches it; the size of the circle is then reduced. This process is continued until the circle touches multiple points on the interface so that it can no longer be moved. This outer circle has radius R o .
The length of the finger, R f , is then given by R o − R i . The size-ratio, defined as R f /R i , increases rapidly at the beginning of injection, but grows very slowly at late times as the pattern increases in size. To capture the dynamics at long times, we measure R f /R i at the point where the outer radius, R o , is 8 cm.
It has been shown previously that the inner fluid forms a tongue at the center between the two plates (Tabeling et al. (1987b) ; Lajeunesse et al. (1997) ; Bischofberger et al. (2014) ; Setu et al. (2013) ; Yang and Yortsos (1997) ). The thickness of these tongues is measured by using the absorption of light due to the dye in the inner fluid. Here, the measurement is calibrated using a wedge of known opening angle that is filled with the inner fluid with a known amount of dye. On keeping the incident light constant across the wedge, the light intensity measured through the wedge depends on the thickness of the fluid layer. This produces a calibration curve that allows intensity values to be converted into a three-dimensional finger profile.
The delay in the onset of fingers, is characterized by the onset radius, R onset , defined as the average distance from the center at which the interfacial instability can first be observed.
Immiscible vs miscible displacements: a comparison of finger lengths
A visual comparison of the fingering patterns seen in immiscible and miscible fluids is shown in Figure 2 . The images in the top row show immiscible fluid displacements and in the bottom row show miscible displacements. In each column, η in /η out are adjusted to be nearly the same for both the immiscible and miscible fluid pairs. For both immiscible and miscible fluids, as one goes from left to right, η in /η out increases and the finger length decreases with respect to the radius of the central stable region.
In the first column, the finger lengths of miscible and immiscible fluids are comparable, whereas the width of the fingers are greater for immiscible fluids as it has higher σ (and therefore higher λ c ). In the second column, the immiscible pair of fluids has slightly longer as well as wider fingers than the miscible pair. A noticible difference here is that, while the interior region of the immiscible fluids appears uniformly dark, the interior region of miscible fluids shows a gradation of color, pointing to an incomplete displacement of the outer by the inner fluid. To ensure that the gradation of color noticed is indeed incomplete displacement, and not diffusion, a UV-curable polymeric fluid was used as one of the miscible fluids and was "frozen" by UV light exposure (Bischofberger et al. (2014) ). In the third column, immiscible fluid displacements are unstable whereas the miscible fluid displacements are stable. An analysis of Fig. 2f , shows that there continues to be a gradation of color pointing to an incomplete displacement of outer fluid. This is discussed in detail in Section 4.
The size-ratio, R f /R i , as defined in Section 2, characterizes the length of the fingers with respect to the central, stable region. As mentioned earlier, R f /R i depends only on η in /η out and is independent of λ c (Bischofberger et al. (2014 (Bischofberger et al. ( , 2015 ). R f /R i reaches a stable value as the pattern continues to grow; at long times, this ratio only increases only minimally. To make a consistent comparison between all pairs of fluids, R f /R i is measured when R o = 8cm. Figure 3 compares the dependence of the size-ratio, R f /R i , on the viscosity ratio, η in /η out , for three different fluid systems: two immiscible fluid pairs and one miscible pair. These three fluid systems demonstrate the effect of systematically lowering the interfacial tension, σ. Silicone oils/glycerinwater mixtures fluid pairs (immiscible), denoted by black triangles ( ), have 24mN/m < σ < 29mN/m. Their finger widths follow the prediction Eqn. 1. Silicone oils/mineral oils fluid pairs (immiscible), the blue squares ( ), have 1mN/m < σ < 1.2mN/m, such that the finger widths are governed by Eqn. 2. Miscible fluid data taken from Bischofberger et al. (2014) , is represented here using red open circles (•). These are mixtures of glycerol and water with different viscosities as both the inner and outer fluids. They also have finger widths proportional to the plate spacing (Eqn. 2). The figure also shows the boundary lines of the three miscible-fingering regimes previously identified Bischofberger et al. (2014) .
For low η in /η out (< 0.04), the three datasets in Fig. 3 overlap. For η in /η out > 0.04, the finger lengths found for the miscible fluids are smaller than those of immiscible fluids at the same viscosity ratio. However, there is no observable difference between the two sets of immiscible fluids with different interfacial tensions. As η in /η out → 1, R f /R i decreases towards zero for all the data sets but with the miscible fluids decreasing faster than the immiscible fluids.
There are two critical differences between miscible and immiscible pairs. (i) When the interface shows a delayed onset of instability, this is followed by "proportionate" growth for miscible fluids. This is labeled regime II in the figure. In this regime, the fingers grow slowly, in tandem with the stable central region. In contrast, for the immiscible fluids, after a delayed onset, the fingers grow faster than the central region. From Fig. 3 , it can be seen that the region where the R f /R i of the miscible and immiscible fluids begin to differ appreciably, corresponds approximately to the border between regimes I and II for miscible fluids. (ii) There are no data points for miscible fluids beyond η in /η out = 0.33 and for immiscible fluids beyond η in /η out = 0.6. However, when larger Hele-Shaw plates are used, immiscible fluids with η in /η out > 0.6, also become unstable, whereas for miscible fluids irrespective of the plate size no instability beyond η in /η out = 0.33 is observed. Hence, the border for stability in miscible fluids is fixed by viscosity ratio alone, whereas it depends on the overall size of the plates in immiscible fluids.
Thus, by using three pairs of liquids, I have systematically lowered the interfacial tension at the interface. This produces thinner and thinner fingers until the finger width is cut off by the gap spacing, b. When the interfacial tension is negligible, as in the case of miscible fluids, there is a proportionate growth regime and a regime of complete stability. By eliminating the stabilizing force or interfacial tension one has paradoxically produced more stable patterns. One possible reason for this unusual stability, could lie in the fact that miscible fingering patterns show a gradation in color signifiying an incomplete displacement of the outer fluid as compared to immiscible fluids (Lajeunesse et al. (1997) ; Bischofberger et al. (2014) ).
Cross-sectional shape of the fingers
In this section, the cross-sectional profile of viscous fingers in miscible and immiscible fluids is compared. Figure 4 shows the cross-sectional profile of viscous displacements when the interface is unstable (Fig. 4a,c) and when it is stable (in Fig. 4b,d) .
Looking at the cross-sectional profile of the tongue for immiscible fluids in Fig. 4a,b , we see not only that the displacement is almost complete, but also that the shape of the displacement front is flat. In Fig. 4a the tongue fills more than 97% of the plate spacing and in Fig. 4b the width of the tongue is 83% of the gap-width at its tip and about 74% of the gap-width at it's narrowest point. The capillary number, Ca ≡ ∆ηU/σ, is approximately 0.001 and 0.8 for Fig. 4a and b respectively. These values for the widths of the tongue are in the same range as the measurements by Tabeling et al. (1987b) for immiscible displacements at high capillary numbers. There is also no marked change in the shape or size of the displacing front as we transition from fingering to delayed fingering to stable pattern.
In contrast, miscible fluids produce a less complete displacement of the outer fluid, as shown in Fig. 4c,d . Notably, in Fig. 4c , where there is a stable interface for miscible fluids, the thickness of the tongue smoothly reduces to zero at its tip; at the onset of fingering the tip of this profile becomes flat Bischofberger et al. (2014) ; Lajeunesse et al. (1997) .
This could explain why immiscible fluids do not show completely stable patterns like miscible fluids. The apparent stability of immiscible fluids is caused because the fingering onset has been sufficiently delayed, such that it does not become unstable within the boundary of the experimental plates. Hence it does not correspond to a new regime, as in the case of miscible fluids. However, the tongue profile does not explain the delay in the onset of instability that is found in both miscible and immiscible fluids. Bischofberger et al. (2014) . The viscosity ratios are: (c) η in /η out = 1, (d) η in /η out = 0.204. L is the distance measured from the center of the plates. Immiscible displacements have a flat front at all viscosity ratios. In miscible displacements the shape of the front profile changes from rounded when the displacement is stable to flat when the displacement is unstable Lajeunesse et al. (1997) .
Onset of instability in immiscible displacements
Delayed onset in miscible fluids has been shown to depend on the viscosity ratio, η in /η out Bischofberger et al. (2014) . Here, an analysis of the onset radius, R onset in immiscible fluids is discussed. Figure 5 , shows the dependence of R onset on both the viscosity ratio, η in /η out , and the most unstable wavelength, λ c . In Fig. 5a , η in /η out is varied while keeping λ c constant. This is done by using pairs of silicone-oil/mineral-oil fluids where λ c is set by the plate spacing. R onset increases rapidly with η in /η out .
In order to vary λ c independently of η in /η out , the same silicone-oil / mineral-oil pair of fluids at η in /η out = 0.52 is used and the plate spacing, b is varied. Figure 5b shows that R onset varies approximately linearly with λ c . This allows a rescaling of the data for all viscosity ratios using λ c , as shown in Fig. 5c . In this figure, data is also included with the higher interfacial tension pairs of fluids (silicone oils/glycerol-water mixtures) marked by the red crosses ( * ). The open diamonds ( ) are data taken with silicone oils/mineral oils. The dimensionless parameter R onset /λ c increases with η in /η out : where γ = 1.5±0.2 Although there are no data points for immiscible fluids in Figs. 3 and 5 (which were obtained using 14cm radius plates) at η in /η out = 1, I do find unstable patterns at higher viscosity ratios by using larger plates, such that the radius of the plates remains larger than R onset . Hence, the Saffman-Taylor stability criterion of viscous instability for viscosity ratios smaller than 1, is still valid for immiscible fluids.
Delay in the onset of the instability, has been previously observed and attributed to the effect of radial geometry Al-Housseiny et al. (2012) . The values of R onset reported here for immiscible fluids vary between 1 cm to 9 cm and are comparable to those reported for miscible fluids Bischofberger et al. (2014) . These are one to two orders of magnitude larger than the previously suggested effects due to geometry, which we calculate to be no greater than 1 mm for all our experiments. Thus the delay in onset of instability is a characteristic feature of the viscous-fingering instability at high η in /η out for both miscible and immiscible fluids. Understanding the physical processes behind this phenomenon may provide a deeper insight into this classic problem.
Conclusion
Viscous fingering has been studied as a prototypical system for pattern formation since the work of Saffman and Taylor (Saffman and Taylor (1958) ; Nittman et al. (1985) ; Daccord et al. (1986) ; Bensimon et al. (1986) ; Bensimon (1986); Arnéodo et al. (1989); Casademunt (2004) ; Hinrichsen et al. (1989) ). While there is a large literature dedicated to understanding the most unstable wavelength, λ c and its contribution to pattern formation (Chen (1987); Homsy (1987) ; Paterson (1981) ; Tabeling et al. (1987a); McCloud and Maher (1995) ; Miranda and Widom (1998) ; Goyal and Meiburg (2006) ; Moore et al. (2002) ), less attention has been paid to the regime where the interface begins to be unstable at viscosity ratios close to one.
Recently, a wide range of viscosity ratios, spanning roughly three orders of magnitude, were studied by Bischofberger et al. (2014 Bischofberger et al. ( , 2015 . This revealed that the viscosity ratio, η in /η out , controls the length of fingering pattern with respect to a central stable pattern in both miscible and immiscible fluids. This paper has focused on the differences between the miscible and immiscible cases, especially as η in /η out → 1. The role played by interfacial tension, is studied by looking at three sets of fluids -(i) immiscible with high interfacial tension, (ii) immiscible with low interfacial tension and (iii) miscible fluids with negligible interfacial tension. For immiscible fluids with high interfacial tension, the unstable wavelength follows Saffman-Taylor equation (Eqn. 1. For the other two cases, the most unstable wavelength gets cut-off by the plate spacing.
Interfacial tension plays no role in determining the length of fingers in all three scenarios. It does however prevent the formation of a 3D thin tongue profile found in miscible fluids. Hence, while miscible fluids have a completely stable regime for all η in /η out > 0.33, no such regime change occurs in immiscible fluids.
A pronounced delay in the onset of fingering is found in all three cases. However, in immiscible fluids once the fingers do form after the delay, they grow very rapidly. This is in contrast to the slow "proportionate" growth regime found in miscible fluids. The delayed onset radius of fingering in immiscible fluids is much larger than what has been predicted by previous theoretical work (Al-Housseiny et al. (2012) ). This onset radius is proportional to the most unstable wavelength and increases approximately as a power law with the viscosity ratio, η in /η out .
Varying η in /η out has provided a useful way to study the transition between unstable fingering patterns and the stable regime of complete fluid displacement. It reveals a new perspective to the half-century old Saffman-Taylor problem and has left several mysteries yet to be answered. Understanding what suppresses the onset of fingering at high η in /η out and the mechanism by which miscible fluids successfully suppress fingering, as compared to immiscible fluids, could give insight into how the viscous fingering instability can be suppressed in industrial processes, where it can produce undesired results.
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